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Abstract

Using variational-asymptotic models of force and energy criteria, situations are found in which bifurcations of the form of the
front accompanying the quasistatic propagation of a plane crack in an elastic isotropic space are possible. Two types of bifurcations
are revealed for a circular crack in the case of axisymmetric loading: fluctuation of the centre of the crack while preserving its
circular form and distortion of the front due to the formation of two or a larger number of “lobes”.
© 2006 Elsevier Ltd. All rights reserved.

1. The variational-asymptotic model of the quasistatic development of a crack

Consider a crack M bounded by a simple smooth closed contour I" and located in the plane {x € R? : z:=x3 = 0}
in an isotropic elastic space with Lamé constants A > 0 and p. > 0. The crack is opened by symmetrical normal forces
applied to its edges

(1Y) = FeMNFER), ¥y = py)eM (L.1)

Here 7 is a time-like parameter. If we assume that the initial (7=0) load g is the critical load, its variation according
to representation (1.1) can lead to the crack growth. We will denote the position of the crack at the instant T > 0 by M(T)
and the front by I'(7). Assuming that the fracture process is irreversible and that the crack remains plane, we obtain
the inclusion M(71) C M(7;) when T, > 71 and the following description of the contour I'(7) as a perturbation for a
small 7> 0 of the initial contour I"

r(t) = {ye R :n=h(t;s)}, h20 (1.2)

Here, (n, s) are natural curvilinear coordinates in the neighbourhood of the set T', s is the length of an arc and 7 is the
distance in the plane along the outward normal, n > 0 outside M. The function A(T; -) describes the position of the crack
front at the instant 7, and, in order to ensure a quasistatic process in the segment [0, T¢], it is necessary that the function
h(-; s) should be uniformly continuous with respect to s in this segment and infinitesimal when T — +0. The possibility
of ignoring the inertial terms is ensured by the following supposition: a change in the dimensionless loading parameter
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T occurs slowly in real time, which can be characterized, for example, by the ratio ¢ ~!diamM, where c is the velocity
of elastic waves.

The variational nature of the fracture process, which is revealed in a two-dimensional situation!™ enables us to
devise*0 variational-asymptotic models of three-dimensional criteria of the Irwin (force) and Griffith (energy) fracture
which were subsequently developed in Refs. 7-9. Since the condition /# > 0 in formula (1.2) requires the formulation of
linear constraints in the problem of determining #, the above-mentioned models are described by variational inequalities
of the form

(bH, X - H)r - (B(H), X - H)r 2 (F, X - H)r (1.3)

Here, (, )r is a scalar product in the space L,(I") and X is an arbitrary test function which is smooth and non-negative.
The function % in formula (1.2) is recovered using the solution H > 0 of problem (1.3) (see (2.12) below). The data b,
B and F in equality (1.3) are constructed from the solutions of elastic problems for a fixed crack M, that is, when 7 =0
(see Section 2).

A complete investigation of problem (1.3) enables us to answer the question of the character of the crack propagation
for a narrow range of variation of the parameter 7. For instance, if, when T < 7¢, the variational inequality (1.3) has a
unique solution and the solution turns out to be small (zero), then, when T € [0, T¢], the crack develops quasistatically
and stably (it remains unchanged). If, however, there are several small solutions, then one has to speak of bifurcations
of the form of the front of the advancing crack. Finally, in the case when there are no solutions or there are only
large-value solutions which do not disappear when T — +0, the growth of the crack becomes of the avalanche-type.

We emphasize that the derivation of the inequality (1.3) is based on a formula for the stress intensity factor (SIF)
Ki(T; s) on the front (1.2) of the crack M(7) in the case of the load (1.1) (see Refs. 4,10—13 etc.) but this asymptotic
formula ceases to work for “large depths” h(s). The absence of small solutions in the case of the non-linear problem
(1.3) is therefore precisely linked to a cessation of the quasistatic fracture process and the need to take account of
dynamic effects (the crack “jumps over” from one position to another). Moreover, in a study of the long quasistatic
development of a crack, it is necessary, having subdivided the interval (0, 7] into fragments (7;, Ti+1), to solve problem
(1.3) iteratively: the solution &;(T — 7;;5) on the base contour I'; enables one to determine the next base contour
Iiy1 = Li(Ti+1 — 7i), after which it is necessary to recalculate the data b;41, Bi+1 and Fiy1 for the new position of
the front I'; 1.

Examples of the quasistatic and avalanche-type growth of a crack are well known. An asymptotic and numerical
solution of problem (1.3) was obtained in Refs. 6,7,14 for canonical forms of cracks and specific loads. In particular,
it was established that, in the case when the stress intensity factor reaches a critical value K. at just a single point sq
on the contour I', the start of the motion of the crack is characterized by a non-smooth dependence of the magnitude
of h(t; s) on the parameter 7. The first derivative d-4(0; s) is equal to zero and the second does not exist ! This effect
is explained by the different rates of propagation of a crack branch into the depth O(t¥?) and into the width O(t!/?).
In this case, the asymptotic formula for /s appears as

32 1/2(s —50)) (1.4)

h(t; s)~T "h(tT
Here h is a certain reference function (see Refs. 6,14). The incorrect impression15 that the Griffith criterion is not
applicable to the determination of the form of a crack arose precisely because of the irregular behaviour of the front
(1.2) at the initial stage of the development of a crack and the fact that classical perturbation theory cannot be used in
conditions (1.4). Several investigationsm’17 led to the paradoxical conclusion that 0:/4(0;s) = hod(s — sg). This form
contains the Dirac 3-function and means that only one point sq starts off from the whole front I" !?.
Only one publication, Ref. 18, which deals with the problem of the bifurcation of crack fronts in three-dimensional
bodies is known to us (as regards two-dimensional problems, see Refs. 2,19 and others). A tunnel crack

M= {x=(»2):|y|<a y,eR, z=0} (1.5)

was, in fact, considered in Ref. 18 and it was shown that, under a constant tensile stress at infinity (r?g, small perturbations
3

{x=2eR 1y, =tath,(y,),y,€ R, z=0} (1.6)

of the sides of the strip (1.5), in which the SIF factor K f (x2) maintains a constant (critical) value, exist. The functions
h+ in formula (1.6) are found to be periodic with a period which depends on a but they do not satisfy the conditions
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h4 >0, and this means that it is difficult to interpret this mathematical fact within the framework of fracture mechanics.
Moreover, according to results obtained earlier,20-2! the question of the correctness of the formulation of the above-
mentioned conditions at infinity requires a separate investigation, and the answer to it is not so obvious on account of
the unboundedness of the surface (1.5).

In this paper, a number of examples of the general scheme and specific examples are presented in which the
variational inequality (1.3) has a whole family of small positive solutions which enables us to speak of the bifurcations
of a crack front accompanying quasistatic fracture in the cases of force and energy criteria. We emphasize that a positive
solution H of problem (1.3) satisfies the equations

bH-B(H) = Fon T (1.7)

Hence, in the formation of the variational inequality (1.3) on the basis of the Irwin criterion, the SIF K;(T; s) on the
front (1.2) of the crack M(7) is equal to Kj. + O(7?) and maintains a constant value within the limits of the accuracy of
the variational-asymptotic model.

2. Derivation of the variational inequality

Itis well known (see Ref. 22, for example) that, using the Papkovich—Neuber representation, an elastic problem for a
half-space with a crack can be simplified to a mixed scalar boundary-value problem in the half-space R3 = {x : z > 0}
and, in fact,

“Av(x)=0, xe R} 0,0(y,0)=-0g(y), ye M; v(»0)=0, ye RAM @.1)

Here o = p~'(1 — v), w>0is the shear modulus, v=X[2(\ + )]~ is Poisson’s ratio and the function g in the crack M
is taken from expansion (1.1). It is also known that a unique solution of problem (1.1) exists which has a finite Dirichlet
integral ||V, v; L2(R1)| | and therefore vanishes at infinity. Apart from this solution v, a further solution v’ is required
which is obtained by replacing the quantity g in boundary condition (2.1) by the second term g’ from expansion (1.1).
Since the traces in the plane 8R3_ of the displacement u, and stress o;(u) are identical with the functions v(-, 0) and
a3, v(-, 0) respectively, all the required characteristics of the stress-strain state around the crack front are calculated
using the solutions of a scalar problem.

Assuming that g and g’ are continuous functions in the set M right up to its boundary I', we will write the asymptotic

representation of the solution v € C*° (ﬁ\f‘) of problem (2.1) close to the edge I (see Refs. 4,8 and, also, Ref. 23) as

-12
v(x) = a(%) {rmK](s)sing + %rmkl(s) sing—’z(-g} —orgr(s)sing +

2.2)
2\2 3p 1. 1 .30 2
+ OL(E) r K(s)Kl(s)i:ZsmE - ﬁsmi} +O0(r")
Here k(s) is the curvature of the contour I" at the point s, (7, ¢) are the polar coordinates in planes perpendicular to I"
and the edges M™ of the crack are specified locally by the equalities ¢ = +1. Moreover, K/ (s) and k{(s) are the SIF of
the first mode and the coefficient of the lowest singularity, determined using the normal tensile stresses on the crack
extension (¢ =0) according to the asymptotic representation

UKL (5) + Kk (5)r} — gr(s) + O(F)

6,,(u; ,0) = o'9,0(y, 0) = (27r)

The contraction of the function g on the edge I' is implied by gr. The SIF, corresponding to the forces g’ and the
solution v’ is denoted by K'(s).

The asymptotic formula for the SIF Ki(T; s) on the edge (1.2) for the load (1.1) plays a key role in constructing a
variational-asymptotic model based on the force criterion of fracture. The point is that the a posteriori formulation of
the Irwin criterion (for two-dimensional? and three-dimensional® bodies)

h(t;s)>0=K,(1;5) = K,
h(t,5) =0=K,(1;5) < K|,
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which contains the critical value of the SIF K|, is equivalent to the variational inequality
(K) (1) - K, . X - K (5)h(1;-))p <0, VXe C™(I), X20 2.3)

and substitution of the leading terms of the asymptotic K into the left-hand side of inequality (2.3) leads to an inequality
of the form (1.3). In the case of a following load (that is, the forces on the newly formed surface M(t)\M have the
previous form (1.1); compare with Ref. 24), the above formula, which was obtained under different conditions and
using different methods (see Refs. 10—13,4 etc.), takes the form:

K (t;8)~ K, (s)+ ‘CK'I(s) + B(Kh(T; -); )+

24
+{z*(s> ~3x(s) + %Kl(sf‘kl(s)}Kl(s)h(r; ) ey

In addition to the quantities Ki, k; and K'1, taken from relations (2.2) for v and v/, an integral operator B occurs
in formula (2.4) with a positive symmetric kernel Z(s, 7) and a discontinuity Z*(s) of the regular part of the primitive
Z(s, t) of the function ['\{s} 3 t+> Z(s, 1):

B(H;s) = j(H(z) —H(s5))Z(s, t)dt

.5)
r
Z(s,1) = s 2+ 0(1), 2(s,1) = ~=(s—1)" +2%s 1)
2r 2% (2.6)
Z'(s) = 2%, 5+ 0)=2Z%s,5-0), Z’e C™(T\{s})
The integral operator (2.5) originates from the identity
V(H; x) = jH(z)g(t; x)dt, VHe C(I') en

r

which relates the two types of weighting functions: the first, V(H;-), has a singularity O(+~"/?) distributed along the

whole of the edge I with a density H, and a stronger singularity O(pl_3/ 2) in the second function {(¢; -), which is
concentrated just at one point 7 € I'. In other words, the following expansions hold

12

V(H: x) = (Qlﬁ) {r“’zH(s)sin%’-K(s)r"ZH(s)Esiniz‘i’-isinﬂ+
2.8)

+ 2r”2(B(H; s)+Z (s)H(s) + %K(S)H(s))} +0(r)

2 _ . _
C(t;x) = (#)1 p,3/2(sin9,)1/2s1n((-§)+0(p,”2), p; <€ (2.9)

) 2\"2 1 ) 312

C(t; x) = (E) r Z(t,s)s1n§+0(r ), p,2¢€ (2.10)

Here, € is an arbitrary positive number, and (p;, 0;, ¢) are “spherical” coordinates corresponding to the coordinates
(r, ¢, s — 1), which are considered as “cylindrical” coordinates, that is, p,2 =r24(s— t)2 and r=p,;sinf;. Note that
comparison of the representations (2.9) and (2.10), which hold in the e-neighbourhood of the point s € I' and on the
remaining part of the edge respectively, leads to the first relation in (2.6).

The weighting functions V and { occur in the following integral formulae for the SIF from the asymptotic represen-
tation (2.2) of the solution v of problem (2.1)

IH(S)Kl(S)ds = ZIV(H; ¥, 0)g(y)dy, K (s) = ZIC(s; ¥, 0)g(y)dy
r M M

@2.11)

The doubling of the integrals in (2.11) is due to the same loading on the two edges of the crack.
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The occurrence of two types of weighting function was initiated in Refs. 25-27 and also Refs. 28,29 (see also, Refs.
4,8,30 etc.). The identity (2.7) was established for the first time in Ref. 4 and a general theory of weighting functions
was constructed in Refs. 23,31

Multiplying relation (2.3) by — K ]_Cz and replacing the SIF K (t; s) by its asymptotic form (2.4), after some simple
reduction we arrive at inequality (1.3), in which

H(t; s) = K; K, (s)h(T; 5) (2.12)
b(s) = %K(s)—Z#(s)—%Kl(s)—lkl(s), F(t;5) = K K,(s) = 1+ TK; K\ (s) (2.13)

We emphasize that, without a renormalization of the unknown (2.12), the left-hand side of inequality (1.3) loses the
property of a symmetric quadratic form. The inequality Kj(s) >0, which certainly holds in the case of the opening of
a crack, ensures the consistency of the definitions (2.12) and (2.13): the quantity H inherits non-negativity from 4 and
the quantity b remains bounded. It is only when Ki(s) =K., that is, when F(7; s) =7F(s) (the load gjE (0; y) makes
the crack M critical at all points of the front I') that the parameter 7 is eliminated from problem (1.3) and its solution
depends linearly on T:

H(T; s) = h(T;5) = Thy(s) (2.14)

The variational-asymptotic model of the Griffith criterion, which requires that a minimum of the total energy (the
sum of the potential and surface energies) 7(7), that has been accumulated by the space with a crack M(7) in the case of
aload (1.1) must be found, is obtained by replacing the functional 7(t) by its three-term asymptotic form (for details,
see Refs. 5,7) and reduces to the variational inequality (1.3), where B and H are determined using formulae (2.5) and
(2.12), but

b(s) = K(s)(% - %Kl(s)‘szc) ~Zs) - %Kl(s)'lk](s)
(2.15)
. _ 1 ch K](S) T 1
F(T,S) = z(m——ﬁ)'}'K—“Kl(S)

Since expressions (2.15) and (2.13) differ only slightly from one another and, in the study of problem (1.3), the
conditions are imposed directly on b and F, a further type of fracture criterion is not specified. Note that the inequality
H| > Hg was established in Refs. 5 and 8 in the case of convex cracks, which means that the force criterion predicts a
somewhat greater advance of the crack front than the energy criterion. This difference is mainly due to the curvature
of the contour I (compare the first terms in (2.13) and (2.15)) and, in the two-dimensional case H(t;s) — Hg(T; s),
the difference lies® within the limits of the accuracy O(12) of the models themselves.

The second of the representations (2.11) for K;(s) and the analogous integral formulae for k1(s) shows that any
specified values can be assigned in advance to these coefficients by varying the load. This observation is used in the
case of a circular crack in Section 4. We now turn our attention to the link between the basic singularities

=312

r'?sin(¢/2) and Ps (sinGs)U2

sin(¢/2)

in expansions (2.2) and (2.9): one is obtained from the other by a Kelvin transformation (inversion and multiplication
by p; !). The lower singularity in expansion (2.2) and the basic singularity in the weighting function 23(s; ), which is
intended for determining the value of the coefficient k| at the point s, are related in exactly the same way and, in fact,

372

r?sin(3¢/2) and p;>*(sin0,)*sin(3¢/2) (2.16)

The equality

10 32.3¢0 _1lin. @
33, SinZ = 37 sing
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holds for the factors K| and k1 in relation (2.2) (differentiation in the plane of the crack along a direction perpendicular
to the front) and, according to the results obtained earlier’233 (see also Ref. 23, Ch. 12), the expression

o 1 -n . @ 1
22 _2Hs)sin® = ——
n (2 27 am”

r_3/2H(s)sin3—(P
2
therefore serves as the principal singularity of the weighting function V3(H;-), which enables us to find the weighted
mean of the coefficient k1 on the contour I' (compare with the first formula of (2.11)).
We emphasize that differentiation across the crack front does not lead>* to the correct answer (2.16) in the case of
the weighting function £3(s; -). The point is that the derivative

1 \29 -3, . 1”7 . @
‘2(;) 3P (sin6,) sinz

becomes equal to O(pt_zr’l/ 2), i.e., it also acquires a singularity on departure from the point s. As a result, the integral
formula, similar to (2.11), with a weighting function obtained in such a way contains a linear combination of the
quantities k1(s), Ki(s) and 9,K;(s) on the left-hand side (for details, see Ref. 23, § 12.2).

Finally, we note that what has been said above only refers to the main singularities, but the regular parts and the “tails”
of the asymptotic expansions, which depend, in particular, on the curvature k, are not subject to the above relations.
However, in the case of a circular crack, the operator x - Vx, which preserves the harmonicity of the functions and the
homogeneous boundary conditions (see Section 4) can be used to construct higher-order weighting functions.

3. Solutions of the variational inequality

The following equality holds

(bH, H)— (B(H), H) = Ib(s)H(s)zds+%“(H(t)—H(s))zZ(t, z)dtds
T T

3.1)

on account of the symmetry and positiveness of the kernel Z and the order of its singularity, which is indicated by formula
(2.6), and, when b > 0, expression (3.1) is a quadratic norm in the Sobolev-Slobodetskii space H21 / 2(F). Henceforth, s
and p in the notation H ;7 (') indicate the smoothness and summability indices, and the plus sign indicates the convex
set of non-negative functions. The named property of the form (3.1) enables us to change, using closure in inequality
(1.3), to the arbitrary reference functions X € H21 f(F) and, thereby, to make it variational, that is, “generated functional
of the energy” (3.1). The following assertion, which is proved in Refs. 4 and 14 (also, see Refs. 23, §12.8 and 35),
establishes the existence and uniqueness of the solution of problem (1.3) as well as its smoothness.

Proposition 1. When the condition

b(s)>0, seTl (3.2)

is satisfied, the variational inequality (1.3) with an arbitrary right-hand side F € Ly(I") has a unique solution
He Hzlf(l") and the estimate ||H;H21/2(l")|| < c||(F)y; Lo(D)|l, in which ¢ is a constant independent of F and
(t)4 = (t + |t])/2 is the positive part of a number t € R, is true if, additionally, F' € L ,(I") with a certainp € [2, +00)

then H € H)(I") holds ||H; HY(D)|| < ¢pl|(F);: La(D)l.

Thus for the occurrence of a family of solutions, it is necessary that condition (3.2) should be violated,. We shall
assume that

b(s) = b,(s)—by, by>0, Jbi(s)ds =0 33)
r

Since the component b has a zero mean, it is non-positive in a segment of the contour I, and this means that » <0 in
this segment.

We now turn our attention to the following fact: the difference between the two positive solutions H; and H» of
problem (1.3) satisfies the homogeneous equation (1.7), that is, bg is an eigenvalue of the operator b; — B. The main
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symbol of the integral operator (2.5) is equal to —|&|/2 (see Ref. 5 and, also, Ref. 23,§12.8, etc.). Hence in the case of
the operator b — B, which is considered as unbounded in L(T"), there is a sequence of normal eigenvalues
AgSA SAS L SA S 400 (3.4
We will assume that the constant term bg from formula (3.3) is identical to one of the eigenvalues in the sequence
(3.4) and denote its multiplicity and the corresponding eigenfunctions, which have been orthonormalized in L»(I") and
are smooth, by J and H&*D_ . H®+J) If the right-hand side of F satisfies the orthogonality conditions
jH"‘”’(s)F(s)ds =0, j=1,...,7J
r

(3.5)

then Eq. (1.7) has the particular solution Hy. The main assumption in the subsequent general constructions is concerned
with the possibility of finding a positive particular solution

Hy(s)>0, seT 3.6)

It is easy to show that a non-negative solution of Eq. (1.7) satisfies the variational inequality (1.3) and that, in the
case of condition (3.6), at least small variations of the coefficients ¢; preserve the required property in the case of the
following general solution

k+1 k+J
Ho+c,H** V4 4 eg*t? 3.7

Proposition 2. If by is an eigenvalue from the sequence (3.4), then, when the requirements (3.3), (3.5) and (3.6) are
satisfied, the variational inequality (1.3) admits of infinitely many solutions among the linear combinations (3.7). The
sufficient condition, which ensures the non-negativity of the function (3.7), appears as: mi|ci| + ...+ mylcy| < myg.
Here mo = minHy(s) > 0 and m; = max|HY(s)| > 0, and the extrema are calculated over all points s € T.

An unlimited change in the coefficients ¢;, while preserving the non-negativity of expression (3.7), is only possible
in the case of a sign-definite eigenfunction HY). Since the eigenfunctions are mutually orthogonal in Ly(I"), there is no
more than one such eigenfunction. If b, =0 in representation (3.3), then on account of the existence of the difference
in the integrand (2.5), the eigenfunction in question is constant.

It is possible to satisfy the requirements formulated in proposition (3.2) by a direct choice of the data: for b; =0
and any eigenvalue bg of the operator B, we calculate the right-hand side of F using formula (1.7) with any smooth
positive function H = Hy (the orthogonality conditions (3.5) are automatically satisfied). The main question, which is
discussed in the following section, concerns the determination of the load (1.1) which ensures that appropriate data
occur in problem (1.3).

4. A circular crack in the case of symmetrical loading

By virtue of the Papkovich—Neuber representation and the Kelvin transformation, the function ¢(7, -) (see (2.9) and
(2.10)) for a circular crack

M= {x=(y,2):]yl<R,z=0} @.1)

can be calculated explicitly: if =0 and the singularity is located at a point (R, 0, 0) € I', then the trace on the upper
edge M* has the form

2 2,12
1—Y2) 4.2)

In view of the axial symmetry, it is easy to recalculate ¢(¢;-) for an arbitrary point ¢ and, using the second formula
of (2.11), to calculate K;(¢) for any load g(y) (it is surprising that this simple representation of the SIF is not in the
handbook, Ref. 36). If a symmetrical load -g(|y|) is applied to the sides of the crack (4.1), it is more convenient to use
another weighting function V(1;-) (see (2.8)) for which the trace on the side M* is as follows:

-1/2 -1
£(0; y,+0) = (4T'R) (|y,—R[*+y3) (R*-y

-12 1/2(R2 _ |y|2)—1/2 (4.3)

V(l;y,+0) = n "”R



S.A. Nazarov / Journal of Applied Mathematics and Mechanics 70 (2006) 636—-646 643

By virtue of the integral representations (2.11), the SIF Kj, which is constant in the front I', is found using the
formula (compare with Refs. 27 and 7)

R
2 s p.-1R2

K, = ———|g(r)(R"~r") rdr 4.4

1 (nR)m!; (4.4)

To calculate the “lowest” SIF kj(s) =k, we can construct a weighting function ;3 (t; ). However, it is simpler to use
the alternative technique of differentiation along the crack (both techniques were discussed at the end of Section 2).
Note that the function (x - V,)v retains harmonicity and the following relations are satisfied

3,(x- VU, 0) = —o(rd,g(r) +g(r), ye M, (x V)vu(y,0) =0, yeR\M 4.5)

where r=|y| and, correspondingly, roy = y - V,. Since r = R — r, the equality rd; = —R09, + rdr holds in the crack
M and, so, due to expansion (2.2), we have

-172 12

(x-V)v(»,0) = —a2n) “R{K, 7~k +0(n}, yeM (4.6)

Consequently, (x - Vi), is the non-energy solution of Laplace equation with boundary conditions (4.5) but, by virtue
of equality (4.3), the combination (x - Vy)v(x) + a K| RV(1; x), in which the singularity O(r—12) has been removed,
serves as a solution with a finite Dirichlet integral, and the SIF will be

R
2

1

k'+8

R
K, = E—I}z)—lﬁj{rarg(r) + g IR - rz)_mrdr =
T
. ‘ @7
= (RL)”Z [2.8 (R - Y a4+ K,
n 0

We emphasize that the second term on the left has arisen due to the addition of the weighting function.
If g =0 on the edge I', then, when relation (4.4) is taken into account, equality (4.7) is converted by integration by
parts to the form

R
ki = R [ OR - )R - ) Prdr “4.8)
0

From formula (4.8), it is easy to extract the trace of the weighting function V3(-; 1) in M*. On account of its strong
singularity O(r~3?), the integral representation (4.8) is only correct in the case of a load which vanishes on the crack
front.

We will now consider a specific integral operator B. Comparing expansions (2.10) and (4.2), we see that

1 s 77?2
Z(0,5) = ﬁ[zksmﬁ]

s0, by formulae (2.6) and (2.5), this means that Z*=0and

o | . t—s772
B(H:s) = EJ(H(t)—H(s))[ZRsmﬁ} dr “9)
r
It is clear that Ag =0 is the first and simple characteristic number of the operator (4.9) and that the corresponding
eigenfunction H®) = 2wR) ™V 2 is constant. In order to find the other characteristic numbers — A, and eigenfunctions
H  we substitute H(s) = ¢*/R into the quadratic form (3.1) with b= — A, and, taking equality (4.9) into account,
after changing to the variable o =R~ s, we obtain
2n 5 | 2n2n 5 2
+imo +imo +imt . T—0O _
O——AmR_“e |d6+1—67-tjjle —e | [SIHTJ dodt =
0 00
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~27RA,, + 3 |
0

m—1

2 eiin(_,

n=0

2
dC = —2nRA,, +Ttm

Hence, in the sequence (3.4), A, = (2R)_1m, where m € {0, 1, 2, ...} and the two eigenfunctions
H"V(s) = (rR) sin(mR™'s), H"?(s) = (nR) cos(mR's)

correspond to each positive characteristic number. Since the sines and cosines constitute the basis in the space Ly(I"),
there are no other characteristic numbers.
Everything is now ready to formulate a corollary of Proposition 2 for a circular crack of radius R.

Proposition 3. Suppose the relations
F(t;5) = ©F,, Fy<0, b =-2R)'m, me {1,2,...} (4.10)

hold in the case of the data for the variational inequality (1.3) with the operator (4.9) in a circle [y : ¥ = R]. Then, for

. . ; 1/2 .
any constants c1 and cy which satisfy the requirement (c% + c%) / < —Fy, the function

I3 s H(t;s) = —2TRm ' {Fy+c;sin(mR™'s) + c,cos(mR"'5)} @.11)

is non-negative and satisfies Eq. (1.7), and so it is a solution of the variational inequality (1.3).

Since K (s) = Ki. on the developing crack front (4.1), the equality H = follows from definition (2.12). If c; =c2 =0
on the right-hand side of the equality (4.11), then # is constant, that is, the crack remains circular.

Suppose m=1 and |c1|+|c2| =0. By choosing the origin on the circle I" in an appropriate manner, we obtain that
relations ¢y =0 and ¢ <0 hold. Now,

h(s) = —2TR{Fy+c,cos(R's)} 4.12)

but simple calculations show that, in spite of the lack of axial symmetry with respect to the centre of the crack M = M(0),
the front I'(7), which is found using formulae (1.2) and (4.2), remains circular. Here, the error O(1?) does not exceed
the accuracy of the variational-asymptotic model and the crack M(7) differs only slightly from a circle of radius
R(1 +27|Fy|) and centre displaced relative to its initial position by a distance of 2TR|c>]|.

If, however, m > 2 and, as previously, |c1| + |c2| # 0, then the crack M(7) loses its axial symmetry due to the formation
of m “lobes”. We emphasize that the condition /(s) > 0 for the irreversibility of the fracture process is satisfied and
that distortion of the shape only occurs for the reason that there is a difference in the rate of advance of points of the
front on its different segments.

In the case when Ki(s)=Kj., the data (2.13) and (2.15) of the variational inequality (1.3) are the same for both
criteria, the force criterion and the energy criterion. Propositions (4.10) are realized under the conditions

k =£<Lf(§+m) me {1,2,...} (4.13)
1 R 4 ’ 3~ .
2 T 12
Fo = Kie——5] 8 ())(R ~r*)" rdr <0 @.14)
(TR) ™,

If the forces (1.1) which open the crack are constant, then, by virtue of (4.7) k1(s) =7K 1c(AR)~1, and requirement (4.13)
is satisfied when m = 1. Inequality (4.14) holds when g’ < 0. Consequently, if, as the circular crack grows, the forces are
attenuated so that the crack remains an equilibrium but critical crack, bifurcations of its shape are possible. However,
they only consist of a change in the position of the crack and of fluctuations of its centre.
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Suppose it is possible in some way to succeed in making the loading on the sides of the crack variable, for example,
by adding constricting forces close to the centre x=0. In the case of a monotonically increasing function r— g(r),
the first term on the right-hand side of (4.7) becomes positive. It is easy to show that, by the choice of the function g,
condition (4.3) can be successfully satisfied for any specified m=2, 3, .. .. In this case, bifurcation of the crack front,
which accompanies the formation of m lobes, is also possible in the case of a decreasing load.

We will now describe a hypothetical scenario for a quasistatic fracture process. The development of a circular
crack is unstable and, at any instant, the quasistatic fracture process can break off into a dynamic process, which is
not described by the proposed model (an avalanche-type of crack growth). When m > 2, the bifurcation of the front
removes the axial symmetry and, after passing to a perturbed, non-circular contour in the case of the new variational
inequality, which is found using the scheme described in Section 1, the fracture process is localized in the concave
zones of the front. Here, it is necessary to correlate the bifurcations with spontaneous interruptions in the monotonio
growth of the crack, since it is not observed until the front becomes circular once again (with regard to this last point,
see Ref. 7).

An analysis of the integral representations (4.4) and (4.7) for the SIF shows that, when relation (4.13) is satisfied
for large m, the load is concentrated close to the edge of the crack. We also draw attention to the fact that, according to
equality (4.8) in the case of a load g which vanishes on the edge I', the coefficient k; is negative, that is b > 0 by virtue
of definition (2.13) and, according to Proposition 1, the solution of the variational inequality is found to be unique,
that is, there are no bifurcations.
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